Abstract. Recently Ohlin lemma on convex stochastic ordering was used to obtain some inequalities of Hermite-Hadamard type. Continuing this idea, we use Levin-Stečkin result to determine all inequalities of the forms:
which are satisfied by all convex functions f : [x, y] → R. As it is easy to see, the same methods may be applied to deal with longer expressions of the forms considered. As particular cases of our results we obtain some known inequalities.
Introduction
In this paper we obtain some class of inequalities of the Hermite-Hadamard type. First we write the classical Hermite-Hadamard inequality
(see [2] for many generalizations and applications of (1)). In recent papers [10] and [11] Ohlin lemma on convex stochastic ordering was used to obtain inequalities of the Hermite-Hadamard type. Therefore we cite this lemma. [8] ) Let X 1 , X 2 be two random variables such that EX 1 = EX 2 and let F 1 , F 2 be their distribution functions. If F 1 , F 2 satisfy for some x 0 the following inequalities
Lemma 1. (Ohlin
for all continuous and convex functions f : R → R.
In paper [11] all numbers a, α, β ∈ [0, 1] such that for all convex functions f the inequality
is satisfied and all a, b, c, α ∈ (0, 1) with a + b + c = 1 for which we have
This means that the expressions f were replaced by more complicated ones. As particular cases, it was possible to obtain some known inequalities. We shall discuss these applications later in the paper.
However, the method used in [11] was valid only for these specific situations. Using results proved there, it was not possible to get inequalities of the same type for longer sums. Moreover, it was not even possible to obtain inequalities of the form
Therefore, in order to extend results from [11] , in the present approach we are going to use a result from [6] , (see also [7] Theorem 4.2.7). Theorem 1. (Levin, Stečkin) Let x, y ∈ R, x < y and let F 1 , F 2 : [x, y] → R be two functions with bounded variation such that
it is necessary and sufficient that F 1 and F 2 verify the following three conditions:
Remark 1. Observe that if measures µ 1 , µ 2 corresponding to the random variables occurring in Ohlin lemma are concentrated on the interval [x, y] then Ohlin lemma is an easy consequence of Theorem 1. Indeed, µ 1 , µ 2 are probabilistic measures thus we have F 1 (x) = F 2 (x) = 0 and F 1 (y) = F 2 (y) = 1. Moreover EX 1 = EX 2 yields (6) and from the inequalities (2) we get (5).
Now we shall use Theorem 1 to make an observation which is more general than Ohlin lemma and concerns the situation when functions F 1 , F 2 have more crossing points than one. First we need the following definition. Definition 1. Let F 1 , F 2 : [x, y] → R be functions and let x = x 0 < x 1 < · · · < x n < x n+1 = y. We say that the pair (F 1 , F 2 ) crosses n-times (at points x 1 , . . . , x n ) if the inequalities
where i is even, are satisfied and
for all i ∈ {0, . . . , n}.
In the next part of the paper we shall use a lemma which may be found in [9] . It is easy to prove this lemma using Theorem 1. For the sake of simplicity we omit the proof of this result.
(i) If n is even then the inequality
is not satisfied by all convex functions f :
(ii) If n is odd then we define numbers A i by the following formula
Inequality (8) is satisfied for all convex functions f : [x, y] → R if and only if the following inequalities hold true
. . .
Results
In this part of the paper we shall show how Lemma 2 may be used to obtain inequalities of the Hermite-Hadamard type and inequalities between quadrature operators. As it is easy to see, if an inequality of this kind is satisfied for every convex function defined on the interval [0, 1] then it is satisfied by every convex function defined on a given interval [x, y]. Therefore, for the sake of simplicity, from this moment forth we shall work on the interval [0, 1].
First we shall use Lemma 2 to prove a result which extends the inequalities from [11] .
Then the inequality
is satisfied by all convex functions f : [x, y] → R if and only if we have
and one of the following conditions is satisfied
Proof Let functions F 1 , F 2 : R → R be given by the following formulas
Observe that equality (10) gives us Further, it is easy to see that in cases (i), (ii) and (iii) the pair (F 1 , F 2 ) crosses exactly once and, consequently, inequality (9) follows from Ohlin lemma. In case (iv) pair (F 1 , F 2 ) crosses three times. Let A 0 , . . . , A 3 be defined so as in Lemma 2. In order to prove inequality (9) we must check that A 0 ≥ A 1 . However, since A 0 − A 1 + A 2 − A 3 = 0, we shall show that A 2 ≤ A 3 . We have
2 and
This means that A 2 ≤ A 3 is equivalent to 2α 3 ≥ a 3 , as claimed. We omit similar proofs in cases (v), (vi) and (vii) and we pass to the case (vii). In this case the pair (F 1 , F 2 ) crosses five times. We have
and
This means that inequality A 0 ≥ A 1 is satisfied if and only if 1
which after some calculations gives us the last inequality from (vii). Using assertions (i) and (vii) of Theorem 2, it is easy to get the following example.
is satisfied by all convex functions f : [x, y] → R if and only if a ≤ 2 − 2α.
In the next theorem we shall obtain inequalities which extend the second of Hermite-Hadamard inequalities.
and one of the following conditions is satisfied:
Proof Let function F 1 : R → R be given by the following formula
and let F 2 be given by (12). In view of (15), we have
In cases (i) − (iii) there is only one crossing point of (F 2 , F 1 ) and our assertion is a consequence of Ohlin lemma. In cases (iv) − (vii) pair (F 2 , F 1 ) crosses three times and, therefore we have to use Lemma 2. For example in case (iv) (14) is satisfied by all convex functions f if and only if A 0 ≥ A 1 . Further we know that
We clearly have
and (18)
We omit similar reasonings in cases (v), (vi) and (vii) and we pass to the most interesting case (viii). In this case (F 2 , F 1 ) has 5 crossing points and, therefore, we must check that inequalities
are equivalent to respective inequalities of the condition (viii). To this end we write
2 , 
Remark 2. In this remark we use notations from papers [5] and [3] . Results obtained in [11] allowed to get the inequalities
3a + b 4 , a + b 2 which was proved in [5] and
from [3] . However, it was not possible to apply these results to prove the inequality
(see [5] ). Now, inequality (19) is an easy consequence of Theorem 3.
It is interesting to note that it is easy to get a more general inequality than (19). Namely, using assertions (ii) and (vii) of Theorem 3 we get the following example.
Example 2. Let x, y ∈ R, let a, b ∈ (0, 1), α ∈ ( In the next part of this section we show that the same tools may be used to obtain some inequalities between quadrature operators which do not involve the integral mean. Then the inequality
and one of the following conditions is satisfied: It is easy to see that in cases (i),(ii) and (iii) F 1 and F 2 cross exactly once and, therefore, our assertion follows from Ohlin lemma. Now we pass to the most interesting case (iv). In this case functions F 1 and F 2 cross three times, at points: 1 − α 1 , 1 − β and 1 − α 2 . Thus In view of Lemma 2, we know that inequality (24) is satisfied (for all convex functions f ) if and only if A 0 ≥ A 1 which ends the proof. Now, using this theorem, we shall present positive and negative examples of inequalities of the type (20).
Example 3. Let α ∈
